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Abstract 

Super Poincare algebra in D = 6 space-time dimensions has been analysed in terms of quaternion 
analyticity of Lorentz group. Starting the connection of quaternion Lorentz group with 50(1,5) 
group, the SX(2,H) spinors for Dirac & Weyl representations of Poincare group are described 
consistently to extend the Poincare algebra to Super Poincare algebra for D = 6 space-time. 


1 Introduction 

The higher dimensional theories have become [1, 2] an essential part for the modern development of 
self consistent field theories. Since these are eligible for answering most of the hierarchy anomalies 
that occurring at very high range of energy. Supersymmetry and supergravity theories have a well and 
consistent structure, they originates in a spontaneous way by the maximum extension of symmetries 
of S-matrix of QFT[3, ]. Higher dimensional Supersymmetric theories [ | are the most possible gauge 
theories in order to understand the theories of everything (TOE). Previously, It has been shown that 
supersymmetric theories are possible only for the space-time dimensions of 3,4,6,10[ ] .Simultaneously 
the connection between higher dimensional supersymmetric field theories and division algebra has 
already been established by Kugo-Townsend[7], Lukereski-Topan[8] and Seema-Negi[9]. Likewise the 
reduction of higher dimensional supersymmetric gauge theories to lower dimensional space has also 
been studied explicitly by Schwartz-Brink[ 10] . On the other hand in view of Hurwitz theorem there 
exists [ ] four normed division algebras M,C,EI andO respectively named as the algebras of Real 

numbers, Complex numbers, Quaternions and Octonions. It is pointed out that by Kugo-Townsend [ [ 
that the supersymmetric gauge theories are well examined forD = 3,4, 6,10 in terms of components 
of division algebra respectively associated with the algebra of real numbers M (for D=3), of complex 
numbers C (for D = 4), quaternions HI (for D = 6) and octonions O (D = 10). 

Keeping in view the utility of higher dimensional space time and the physics beyond standard model 
focused on Supersymmetry, in the present paper we have made an attempt to discuss Super Poincare 
algebra in D = 6 space-time dimensions by Quaternion algebra (H). The manuscript extensively 
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studied the quaternion analyticity of Lorenz group and its connection with 50(1, 5) group, the 5L(2, HI) 
spinors, Dirac and Weyl representation of Poincare group followed by the extension of Poincare algebra 
to Super Poincare algebra for D = 6 space-time. 

2 The Quaternion analyticity of Lorentz group: 

A proper Lorentz transformation in D = 4 space is defined as 

s'** =A£X (1) 

which forms a non-compact Lie group 50(1, 3) satisfying the following condition of metric preserving 
group [ 12 ] i.e. 


A - 1 ? 7 A =t] VAe50(l,3). ( 2 ) 

Here the metric is defined as = 1,-1,—1,-1). The Lorentz group 50(1, 3) has universal covering 
group SL( 2,C) which is isomorphic to the projective group of Mobius transformation 


m 


az + b 
cz + d 


<—> A 



(Va, 6 , c, deC). 


( 3 ) 


Let us construct the mapping from Minkowski space to the set of Hermitian complex 2x2 Pauli 
matrices such that a four-vector is described as 


x M —)• p(x M ) =x / V /i = 


x° — x 3 x 1 T ix 2 
x 1 — ix 2 x° + x 3 


( 4 ) 


where gq = /, (Jj's are 2 x 2 Pauli spin matrices. In order to write the quaternion analysis of SL(2,C) 
group, we define a quaternion [ 3] as 


q =q°e 0 + q>ej (Vj = 1, 2 , 3) (5) 

where (g°, q 1 , q 2 , g 3 eR) and eo = 1, e^s are the quaternion units satisfying the following multiplication 
rule 


ej e k = - S jk + ejkiei (Vj, k,l = lto3). (6) 

Here 6j k is the Kronecker delta symbol and e-jkl is the three index Levi-Civita symbol. Quaternion 
units e'jS are well connected with Pauli matrices as ei <—> — ia\, e 2 <—> —io 2 , e 3 <—> —ia 3 . The 
universal covering group of quaternions is 5p(l,H). Under the identification with Pauli matrices there 
is a correspondence between Sp( 1, H) and USp( 2, C) [ ] but they describe Euclidean transformation in 

D = 4 space time (rotation in 5 3 sphere).We may now generalized the SL( 2, C) group (i.e. the special 
linear group of 2 x 2 complex matrices) to the SL(2,H) group (i.e. the special linear group of 2 X 2 
quaternion matrices). Here we split one imaginary unit i (ieC) to the triplet ej (ejeH(Vj = 1,2,3)). 
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So the Pauli matrices are generalized to 2x2 quaternion [ ]T matrices as 


where 


r^ = {r°,r\r 2 ,r 3 ,r 4 ,r 5 } 



( 7 ) 


( 8 ) 


As such the quaternion 2x2 T matrices represent a D = 6 space time. So, a six-dimensional Minkowski 
vector is thus defined as 


x M —*■ /?(x M ) = 


x° + x 5 


x 4 + eix 1 + e 2 X 2 + e 3 x 3 


4 1 

x — e\x 


& 2 X - e 3 x J 


n ^ 


( 9 ) 


which has the determinant 


det(X) =(x 0 ) 2 - (x 1 ) 2 - (x 2 ) 2 - (x 3 ) 2 - (x 4 ) 2 - (x 5 ) 2 = (10) 

followed by the metric = (1, —1, —1, — 1, —1, —1). For SX(2, H) group, the determinant of eq. ( 8 ) 
turns out to be unity. So, the Mobius transformation for SL{2, H) [16] are written as 

/(g) = qZ +_\ i — >A=( a b J (Va,b,c,de H). (11) 

qz + a V c d J 

The matrix groups in quaternion case 5 4 —> HI are the compact groups Sp(2, H) and its subgroup 
5/7(2) x 5/7(2) = spin( 4) is related to rotation in the sphere and the compact 5L(2,IHI) describes gen¬ 
eral non-Euclidean transformations. Thus there exists is Lie algebra isomerism 5L(2,H) = 5?7*(4) = 
50(5,1)[ 1, 16]. However, the group 5p(2,H) is isomorphic to USp( 4, C) which is 10 dimensional. So 
5p(2,H) is well connected with 5L(2,HI) group. Moreover, there is a correspondence between projec¬ 
tive groups and uni-modular groups respectively associated with the division algebra of real numbers 
(M), Complex numbers(C) and the quaternions (H) i.e. 


5/(2, R) ~P(1,P) 

5/(2, C) ~P(1,C) 

5/(2,H) ~P(1,H). ( 12 ) 

Under the transformation of 5L(2,H), X transforms as 

X 1 =YXY j i with YeSL( 2, H) (13) 
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3 The Quaternion Lorentz group of 50(1,5): 


Considering the metric in D = 6 space as r] fll/ = {1,-1,—1,-1,—1,-1}, ReO( 1, 5) satisfy the condition 
( 2 ) of metric preserving group by 


R~ lr riR =77 (Vi?eO(l, 5) 


(14) 


where R is to be taken as 


~1 

o 

o 

m 

n 2 

"'"03 

?"04 

»"05 

\ 

no 

m 

H2 

ri3 

ri4 

»"15 


no 

m 

r 22 

r 2 3 

n4 

'"25 


no 

n i 

T32 

'"3.3 

V34 

ns 


no 

m 

r±2 

'"43 

r 44 

'"45 


\ ?"50 

m 

T52 

'"53 

^54 

'"55 

/ 


(15) 


Substituting this to eq.(14) we get r 00 = m = r 2 2 = r 33 = r 44 = r 55 = 0, r %3 = -r^, r oi = 

(V*,j = lfo5), according the generators for50(l,5) group may be written. The determinant of R 
turns out to be unity. Thus we may easily define the rotation and Lorentz boost generators of 50(1, 5) 
group respectively denoted by Lij and Nq^. For 50(1,5) group there exists 10 generators of rotation 
associated with matrices followed by 5 generators corresponding to the Lorentz boost matrices Noi. 
Both and are traceless matrices. The five Lorentz boost generators N o* are symmetric, while 
the other ten rotation generators L t j are antisymmetric. Matrices L tJ and Noi are discussed in the 
appendix-I.We have used the mappings Rj = iLij and K 0 i = iN^ ( Vi,j = 1,2 to5). 

So the commutation relations are obtained as 


[JijiJkl] i(5 ik Jjl + SjiRk fojkJil &ilJjk) £ 1 to 5} 

[K 0i ,K 0 j\ = — iRj (Vi, j = lto5} 

[-^- 0 ii Jjk\ = 'i{fiikK- 0 j /c = 1 to 5} . (16) 

The generators Rj and Kqj are respectively associated with the generators of angular momentum and 
Lorentz boosts. These equations can be combined together in tensorial form by taking Mij = Rj 
and Mq ? ; = Koi (Vi, j = 1,2 to 5). So the algebra of quaternion Lorentz group 50(1,5) describes the 
following structure 


[M pu , M pa ] = -i{ri P pM va + r] ua M up - r]p a M I/p - r] up Mp a ) (17) 

where the metric for 50(1, 5) group is defined as {i~ip V = +1, —1, —1, —1, —1, — 1}. 

4 Formulation of SL{ 2, H) 

Let us define a vector {V/U = 0,1, 2, 3,4, 5} in D = 6 space as 
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x^ =(x°,x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) = (x°,x) (18) 

o'* 77 o*^ /o*^ o*-^- o»^ o*’^ o*^ o*^ ^ ( o*^ rp\ ("j 

jl 1 5 * x ') 5 5 O/, ^ / ^) \ ± '-') 

Likewise, the six T- matrices of eq.(8) can be described in contra and covariant matrices as 

r^=(r°,F), (i = 1 to 5) (20) 

r ix =r,^ = r^ = (T°,-T i ) (i = ltob) (21) 

The T matrices thus satisfy the Clifford algebra relation 


FT*' + TT^ =2 if' (22) 

Similarly Tr(T fJj T u ) = 2r/ /1 " where the trace is defined as Tr(P ) = Re[Tr(P)\ for PeSL( 2,H). It is to 
be noted that the F‘ matrices are quaternion Hermitian matrices = T^ where adjoint of matrices 
is for the transpose of quaternion conjugation operationj ]. The Lorentz groupS’0(l, 5) in D = 6 
space-time is homomorphic to the SL(2, HQgroup of 2x2 quaternion matrices i.e. 


h = 


a b 
c d 


, (yheSL( 2,H) deth = 1) 


(23) 


where a, 6, c, d are quaternion numbers. Under the Lorentz transformation the invariant quantity is 
related to the X as 


det X =7j liU x fJ ’x u , (24) 

which is also invariant under the transformation of S'L(2,1HI) group. Since any quaternion matrix can 
be written as linear combination of T^ matrices, we write the elements ’h’ of the group SL(2,M) as 


h =/qT M (25) 

where /io,/ifc(& = lto5) are quaternion numbers and T^ matrices are defined in eq.(8). The change in 
x^ under the Lorentz transformation can be described as 


x^ =A(X (26) 

where is an element of Lorentz group in D = 6 space-time. The corresponding transformation of 
X that leaves invariant the detX = rj flv x^x u , is described under the SL( 2, H) group as 


X' =hXh) (27) 

where hJ is quaternion conjugate of h. Since the scalar product rj^x^x 1 ' is invariant under Lorentz 
transformation, we should have[ ] 


5 


detX =detX'. 


( 28 ) 


using the properties Tr(T ,l T v ) = 2? 7 *“' and Tr (f A T^) = 25% we get 

x ,lx =^Tr(f»hXrf) = ^Tr{Y»hT u h))x v . (29) 

This equation gives the explicit relation between A% elements of Lorentz group in D = 6 space to the 
elements of SL(2,H) group. The group homomorphism betweenA^ and SL(2, HI) may then be described 
by the relation between the components of A% and h(heSL ( 2 , H))as 

A§ = M 2 + X>*| 2 

fc=l 

Afc =Re[(h 0 h k + h k h 0 ) + e ijk {h 0 ejg.J + hjeih 0 ) + h 5 e k h 4 - h 4 e k h 5 ] 

3 3 

A° =Re[(h 0 h 4 + h 4 h 0 ) + ^2(h k e k )h 5 - h 5 ^2(e k h k )] 

k =1 fc=l 

3 3 

A° =i?e[(/i 0 /i 5 + h 5 h 0 ) + h 4 y^(efefefe) - y^(%e fc )/i 4 ] 

/c=l fc=l 

3 

Aq =i?e[e fc (/i 4 /i 5 - h 5 h 4 ) - e k ^ ( hieiho + h 0 eihi) - ei(hieih 0 + /i 0 e*^)] 

3 3 

Aq =i?e[(/r 0 /i 4 + h 4 ho) + ^5 ^ e;/ij - ^ hjejh 5 \ 

i= 1 j=l 

3 3 

Aq =i?e[(/i 0 A 5 + /i 5 ^o) - h 4 ej/ij + y^ hjejh 4 ] (30) 

*=l j =i 

where €ij k is Levi-Civita tensor and i,j,k —> 1,2,3 and hi is the quaternion conjugate of hi. So, the 
homomorphism between quaternion Lorentz group and SL(2,HI) group is established in terms of the 
following properties i.e. 

(i) Aq > 1 since the norms of division algebras R, C, H,C? is always positive . 

(ii) R%{M\)A v p {M 2 ) = Ap(M 4 M 2 )y M\, M2eSL(2,M) can be easily verihed by the cyclic property 
of the trace of Quaternion matrices. 

It is obvious that A%(M~ 1 ) = (AO(Af)) -1 . The 5L(2,H) group is compact group hence the ho¬ 
momorphic mapping of A% is continuous into <SX(2,]HI). So by det( AO( 1 ^( 2 ,h))) = 1 it can be stated 
obviously that det(A%) = 1. Hence the homomorphism between SL( 2, HI) group of quaternion matrices 
and Lorentz group in D = 6 space has been established consistently. 
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5 Quaternion Spinors in SL( 2,HI): 

Let us write a vector and its conjugate in SL(2,W) representation as 


( x° — x 5 

4 1 2 S \ 

—x — e\x — e 2 X — e%x 

\ -1 

10 

H 

1 

0 

H 

x q \ 

\ —x 4 + eix 1 + e2X 2 + e3X 3 

X° + X 5 1 

1 \ 

t X q t 

x° + x 5 ) 


(31) 


X =x^ = 


X° + X 5 


x 4 + eix 1 + e 2 X 2 + e^x 3 


4 1 2 S 

x — e\x — e 2 X — e$x 


n ^ 


X° + X 5 
-X«t 


-afl 
x° — x 5 


(32) 


where x q is a quaternion element and x q t is quaternion conjugate of x q . The X of equation (31) 
transforms as vector under endomorphic transformation in SL(2,H), while X can be obtained from X 
by space inversion operation . Similarly the two component quaternion spinors are defined as 


= (V0a,XaeH) 

= ( 4>a X f a ) ( 33 ) 


where correspond to the quaternion Hermitian conjugate operation on'L. The transformation prop¬ 
erties under 5L(2,BI) of undotted spinor and it’s conjugate are such as 


MeSL{ 2,M) 


(34) 


while the dotted spinors and its conjugate transfornr[12] as 


= i j ’ (VC “’ reH) 


.“t _ f £»f £af 


(35) 


where transformation properties under S'L(2,H) : 


rf = j . rf rf* = r/ i] (M _1 )“ 


(36) 


So the differential operator is defined as 


/ d° - d 5 

d = r fl d ti = \ A 

l — d 4 + e\d l + e 2 d 2 + 63 d 3 


—d 4 — e\d 1 — e 2& 2 — 63 d 3 
d° + d 5 


( 37 ) 


which acts on a two component quaternion spinor. 
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6 8x8 Dirac Representation and Quaternion realization of Poincare 

group in D = 6 Space: 


The pure Lorentz boost transformation does not form closed group. However it is embedded with the 
group of rotation generators J-s in general Lorentz group. But both of these behave differently under 
parity transformation Jj —» and LQ —> — K, [ ]. So there are two different spinor representations for 

spin 1/2 particles in Lorentz group. Both spinor representation transform differently under Lorentz 


transformations and parity. These are called left handed 


5'°) 


and right handed ( 0, — ) spinors. So 


for a theory where parity conservation is required Dirac representations are used conveniently over 


other representations, because it corresponds to the representation of direct sum of ( — ,0 ) © ( 0 
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spinors [ ]. 

It is stated earlier that theories which transform as a linear representation of supersymmetry must 
have same number of bosonic and fermionic degrees of freedom. So for D = 6 dimensions the massless 
vector particle acquires D — 2 = 6 — 2 = 4 degrees of freedom. While a spinor is described by 
2 d / 2 = 2 3 = 8 dimensions[ ]. Therefore for the generalization of the theory to supersymmetric case 
we need 8 dimensional T— matrices. Hence we adopt the procedure to extend from 2 — > 4 and 4 —> 8 
dimensions. Let us write the 4-dimensional generalization of T matrices are described in terms of 
following 4x4 Dirac matrices to update quaternion supersymmetrization i.e. 


u 

Td 



T° 

0 




r 2 \ / o r 3 \ / o 
o J ’ V -r 3 o J ’ V -r 4 




This representation of 7 — matrices satisfies the Clifford algebra relation 


7&7n + 7D7£=2»r 

Accordingly, the 7 ^ matrix is described as 

7 d =7d7.d7d7d7i)7|) 


(39) 


(40) 


which comes out to be 



(41) 


Here 7 ^ has the same properties as 75 do in D = 4 space. It decides the nature of the currents ^ 7 ^?/ 
and 7£)7£>V ; under the Lorentz transformation in D = 6 space, which comes out to pseudoscalar and 
pseudovector respectively. The generator of Lorentz transformation in 4 X 4 matrix representation are 
now be described as 

Sg'=j(7t7£-7M) (42) 

which satisfy the commutation rules of the Lie algebra of Lorentz group in D = 6 space as 


S pfT ] = -i(ifPTT 7 + rf' a YP p - rf ff 'Z vp - rj up ^ a ) 


(43) 
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along with 


[^y D ]=i(v^ D -V^Y D ) ( 44 ) 

The 8x8 fully reducible quaternion generalization ofy— matrices is now be taken as 

T „ = 17 7 ° D 0 W 7 b o W 7 |, 0 \ ( rb 0 W 7 * o \ ( rh o \ 1 

D H 0 7z> / \ 0 lb ) ’ V 0 ) \ 0 7d / ’ V 0 7 W ’ V 0 7d / J 

( 45 ) 

and the 8x8 Lorentz generators are defined as 

^4TO-t« t «). (46) 

This equation satisfies the commutation relation of Lorentz group in D = 6 space-time as 

[E pi ', E pa ] = —i{rf' p 'E v,T + — r] p,C7 E up — rf p E pa ). ( 47 ) 

Thus, we get the remaining commutation relations of Poincare algebra in D = 6 space as 


[P^P"] =0 

[2^, PV] =i(lf p P P - T] PP P V ) 

py ,v ^ ^po-j _ _ _)_ r ^ ar ~j l P _ rjpv^vp _ rfp^pv 


(48) 


7 Weyl Basis for Chiral Representation : 

However, it is well known that at extreme relativistic limit the fermions behave differently to elec- 
troweak interaction (called helicity conserved interactions). Yet the Lagrangian of standard model 
doesn’t remain parity conserved. So, the Weyl representation is advantageous because it separates 
the left handed spinors to right handed spinors[19, 20]. As such, the 4-dimensional generalization of 
T—matrices given by equation ( 8 ) is generalized in terms of following 4x4 Weyl matrices to update 
quaternion supersymmetrization i.e. 


u 

7 w 


o 

r p o 


(49) 


Likewise, the properties of 7 matrices also satisfy the Clifford algebra relation (39). As such, 
equation (49) leads to the conclusion that the 7 ^ matrices in Weyl representation is non-diagonal. 
On the other hand, the diagonal representation of Weyl matrices is associated with the pseudoscalar 
matrix as: 


7 w =7w7w7w7w7w7w 


-1 

0 



(50) 
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which comes out to be diagonal stating that the solutions of Weyl equations are the eigenstates of 
helicity rather than energy (contrary of Dirac representation). Thus the 7 — matrices together withy^ 
satisfy the following properties 

(i) 7 w = 7 w> 

(ii) 7 w = — 7 w = 1)2, 3,4, 5}, 

(iii) lw = 7vf- 

Similarly, we get 'Yy/'^w'^W = 7 w~ Here 7 w behaves in the same way as 75 do in D = 4 space. The 

(1—7 6 ) 

projection operator for massless fermion -—associated with the left handed particles and while left 
handed antiparticles are associated with -—. So, it acts as chiral operator for massless fermions. 
However, the eigenvalue of 7 ^ is same as that of the helicity operator for particle while it goes reversed 
to that of helicity operator for antiparticles. Thus chirality and helicity has same meaning for particles 
but they have opposite nature for antiparticles. Hence, the generators of homogeneous Lorentz group 
associated with angular momentum and Lorentz boosts {E^ (V/u, = 0fo5)} in D = 6 space are 

described as 4x4 matrices in the following manner i.e. 


= \Ww-lWw) = \ 


— r*T^ 0 

0 y p T v _ p^pp 


(51) 


Here we have defined the Lorentz transformation of quaternion four dimensional spinor <p{x) in D = 6 
space is as 


<p(x) —>5 1 (w)<p(x / ) (52) 

where the operator S(u) = exp^Yi^u^). The infinitesimal quaternion parameter and E /t „ are 

the generators of Lorentz group in D = 6 space. So, the infinitesimal change for spinor given by 

<M X ) ^E^u^^x') (53) 

Thus the Lorenz generators E^ satisfy the following relation of Lie algebra of 50(1, 5) i.e. 

[E^, s p<t] = + jf'V'zpp - r f T Y, v P - r) vp E^) (54) 

In order to describe the quaternions supersymmetry, it is customary to extend the 4x4 representation 
of Lorentz group to 8 x 8 matrix representation in terms of Weyl representation of T— matrices i.e. 

T w = ( l ] (n = Oto 5) (55) 

V 7vv 0 / 

which also satisfy the Clifford algebra relation of equation (39). Similarly, the generators of Lorentz 
group for Weyl representation are defined as 

=*- =i (TS,T^ - TfrTS,) = I Q I. (56) 

It comes out to be fully reducible representation and reproduces the Lorentz transformation for eight 
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dimensional spinor in D = 6 space as 

** (®) (57) 

where the Qp V is infinitesimal antisymmetric quaternion parameter and 'F(x) is eight dimensional Weyl 
spinor in D = 6 space. 

8 Super-Poincare algebra in D = 6 Space: 

The Lie algebra of Lorentz group 50(1,5) in equation (54) may also be written by the generalization 
of equation (17) in the following expression i.e. 


[Mp V , M pa ] = -i(r]ppM ua + r] ua M up - r]p a M^ p - r] up Mp a ) (58) 

For the description of Super Poincare algebra in D = 6 space, we have defined the linear momentum 
operator Pp {// = Oto5} as the generators of translation symmetry in D = 6 space. So, the Poincare 
group in D = 6 space is described in terms of commutation rules between generators of homogeneous 
Lorentz group M pv and linear momentum operators P p in the following manner 

[P p ,P u ] =0 

[M pv ,P p ] =i{rj up P p - / f p P v ) 

[M pv , M pa ] = - i(rf p M vc + r) ua M pp - V pc7 M up - V up M pa ) (59) 

where Pp has 6 — generators while the Pp and Mp U spans the 15 dimensional space of homogeneous 
Lorentz group in D = 6 space. As such, the Poincare algebra in D = 6 space contains 6 translation, 
10 rotation and 5 Lorentz boost generators. The components of (\/k = lto5) are Lorentz boost 
generators and Mij (Vi, j = lto5) for angular momentum operators in D = 6 space. Here it should be 
noted that the angular momentum in D = 6 space is dyadic tensor (yi,j = lto5). Consequently 
the angular momentum and boost play different role for D = 6 space of 50(1,5) Lorentz group. 

According to No-Go theorem of Coleman-Mandula [ ] “The most general Lie algebra of symmetries 
of S-matrix contain the energy-momentum operator Pp, the Lorentz generator Mp V and finite numbers 
of Lorentz scalars B[ which are the elements of compact Lie algebra of internal symmetry”. But this 
restriction is avoided by Haag-Lopuzansky-Sohnius [ ] by introducing commutators in addition to the 
commutators in the symmetry group of S-matrix .The introduction of anticommutator to commutator 
in symmetry Lie algebra is called grading of the algebra and the whole Lie algebra is called graded 
Lie algebra or superalgebra of S- matrix. So, the superalgebra is the maximum extension of the Lie 
algebra of symmetry of S-matrix that is possible. For the extension of Lie algebra of Poincare group 
in D = 6 space to superalgebra we describe Z 2 grading algebra of this algebra such as 

L = Lo © Liwith properties 

Lq : Lie algebra of Poincare group {Pp,Mp U } in 8 x 8 matrix representation. 

L\: Lie algebra of Q a [Va = lfo 8 ]. 

Q' a s are eight dimensional, containing four dimensional two component spinors 

Qa = (|“) (Va = 1 , 2 ,3,4) (60) 
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Defining the composition rule ★ in L such as 

'k i L x L —yL 

A*B =AB - {-\)3^)9{Ls)ab (Vz,j = 0,1) (61) 

where AeL r BeL s and A * BeL r+smo d 2 -g(L r ), g{L s ) are the order of grading for the sub -algebras L r 
and L s defined as 


So, g(L 0 ) 


0 and g(L\) - 


0 , (for bosons) 

1, (for fermions) (Vr = 0,1) 

1. Taking these considerations we get the commutation relations as 


(62) 


1. : Lq x Lq —> Lq whose commutation rules are obtained in equation (59). 

2. : Lq x L\ —y L\ which enables the following commutation rules 


[P^Qa] =0 

[M/i V , Q a \ = - (Z^abQh, {a, b = lto8, n,v = 0to5} (63) 


3. :L i x L\ —^ Lq gives rise the following anti commutation relations for spinors 


{Qa,Qb}eL a (64) 

{Qa,Qb}eL 0 . (65) 

As such, the Lq contain the generators of Poincare algebra of D = 6 space. So, there must be 

{Qa,Qb}=ofP l * + P l * v M lu , (66) 

where a ^ = —2(T ^C) ab and f3 ,w = (E^C)^ , C is charge conjugation matrix and E /J)y are the 
representations of Lorentz algebra in D = 6 space. However, by the generalized Jacobi identity the 
second term f3 fll/ in equation (66) vanishes and hence, we get the anticommutator rule 


{Qa,Qb} = -2(T^C) ab P fl . (67) 

Multiplying both side of the above equation by C and imposing Majorana condition {(CQ) a = — Q a }, 
we get 


{Qa,Qb} =2(T^) ab P fl 


( 68 ) 
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So we find out the representation of super-Poincare algebra in D = 6 space as 


\Mjxi ), Mp a \ — i(r]npM ua tJpaP^up 'Hi'pMp.aP VvcrMup) 

/, Pp\ — PjlppPu Vl'pPp) 

[Pp,Pu] =0 
[Pp,Qa] =0 

\Mp,V, Qa] = (“ p.u)abQb 

{Qa,Qb} = 2 (T n ab P„ 

{Qa,Qb} = -2(? li C) ab Pp 

{< Qa,Qb}=2(C- 1 r») ab P\ (69) 

where the n //; , is the representation of Lorentz generator acting on eight dimensional quaternionic 
spinor in D = 6 space. C is charge conjugation matrix in D = 6 space which reduces to unity in 
the case of Majorana representation. The Grassmann numbers Q a are invariant under the translation 
in space-time and thus commute with the generators of momentum operators P^, while transform as 
spinors under Lorentz transformations M^ u . 

References 

[1] N. Arkani-Hamed,S. Dimopoulos, G. Dvali, Phys. Lett. B 429 (1998) 263; I. Antoniadis, N.Arkani- 
Hamed,S. Dimopoulos, G. Dvali, Phys. Lett. B 436 (1998) 257. 

[2] Lisa Randell,Sundram Raman, Phys. Rev. Lett. 83 (1999) 3370. 

[3] S. Coleman and J. Mandula, Phys. Rev. 159 (1967) 1251; R. Haag, J. T. Lopuzanski and M. F. 
Sohnius, Nucl. Phys. B 88 (1975) 257. 

[4] M.F. Sohnius, Physics Reports, 128 No. 2& 3 (1985) 39, North-Holland, Amsterdam. 

[5] Stephen Hawking “The Grand Design”, Bantam Books (2010); Brian Greene, "The Elegant 
Universe: Superstrings, Hidden Dimensions, and the Quest for the Ultimate The¬ 
ory ",W.W. Nortan (1999). 

[ 6 ] J. C. Baez and J. Huerta, Superstrings, Geometry, Topology, and C*-algebras, eds. R. Doran, G. 
Friedman and J. Rosenberg, Proc. Symp. Pure Math. 81, AMS, Providence, (2010) 65. 

[7] T. Kugo and Paul Townsend, Nuclear Physics B 221 (1983) 357; J. M. Evans, Nuclear Physics 
B 298 (1988) 92. 

[ 8 ] Jerzy Lukierski and Anatol Nowicki, Annals of Physics 166 (1986) 164; J. Lukierski and F. 
Toppan, Phys.Lett. B 539 (2002) 266. 

[9] Seema Rawat and O.P.S. Negi, Int. J. Theor. Phys. 48 (2009) 305; Int. J. Theor. Phys. 48 (2009) 

2222. 

[10] L. Brink, J.H. Schwarz, J. Scherk, Nuclear Physics B 121 (1977) 77. 

[11] Z. K. Silagadze, J. Phys. A: Math. Gen. 35 (2002) 4949; M. Rost, Documenta Mathematica 1 
(1996) 209; J. A. Nieto and L. N. Alejo-Armenta, Int. J. Modern Physics A )16 (2001) 4207. 


13 



[12] H.J.W. Muller-Kirsten and A. Wiedemann “Supersymmetry”, World Scientific (1987). 

[13] P.S. Bisht, O.P.S. Negi, B. S. Rajput, Prog, of Tlreo. Phys., 85 (1991) 157. 

[14] R. Gilmore, “Lie Groups, Lie Algebras and Some of Their Applications”, John Wiley & 
Sons (1974). 

[15] K. Morita, Prog, of Theo. Phys., 117 (2007) 501. 

[16] Rolf Dahm, Advances in Applied Clifford Algebras 7(S) (1996) 337. 

[17] M. Carmeli, “Group Theory and General Relativity” , McGraw-Hill International Book 
Company (1977). 

[18] Lewis H. Ryder, “Quantum Field Theory”, Cambridge University Press (1985). 

[19] Francis Halzen, Alan D. Martin, “Quarks and Leptons”, John Wiley & Sons (1984). 

[20] Stephan P. Martin, “A Supersymmetry Primer”, arXiv:hep-ph/9709356 (2006). 


14 



Appendix I :The generators of homogeneous Lorentz group £0(1,5) : 
Generators of Lorentz Boosts of section (3) in ,S'0(1,5) are described as 
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while the 10 generators of spacial rotations in £0(1,5) are described as: 
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Appendix-II :Dirac Representation:- 

The8 x 8 fully reducible Dirac representation of T— matrrices in D = 6 space is described as 

= f ( Id 0 W Id 0 W ^ 0 W 0 W lb 0 W 7 !> 0 \ 1 

D H 0 ^ J ’ V 0 Ti> / ’ V 0 J ’ v 0 7?J ’ V 0 ih J ’ V 0 'YbJj 

(70) 

where 7^ matrices are defined in equation (39). For this Dirac representation the charge conjugation 
matrix is modified as 


C D 


C4x4 

0 


0 

C^4x4 


where Ci x 4 
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-1 

0 

0 

0 

/ 


(71) 


this charge conjugation matrix satisfies the following properties 

(i) C D = -C f D = —C^ 1 = c t d 
(u)c d t^c^ = -r^ T . 

The (T ^Cd) comes out to be symmetric i.e. (T ^Cd) T = = T^Cd- Now post multiplying 

the equation (67) by Cd given in eq.(71) and applying Majorana condition ( Cr>Q) a = ~Qa then we 
get 


{ Qa,Qb} =2(T^) a6 P M 

which is the part of Super Poincare Algebra in D = 6 space. 

Appendix-IILWeyl Representation:- 

We may now identify 8 x 8 Weyl representation of T—matrices as 

= J ( 0 7 ^ W 0 7 ^ W 0 7 ^ W 0 7 ^ 

1 \ 0 7 ’ V 7 l w ^ )\l 2 w 0 y/ ’ V 7^ 0 


(72) 


° ^ ^ ( ° 7vv ^ 1 

0 j’\7^ 0 Ji 

(73) 
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where 7^ s are described in eq.(49). Here the charge conjugation takes the following matrix represen¬ 
tation i.e. 

Cw = ( 4x4 1 , where 6*4^4 

V ° c 4x4 )' 

Charge conjugation matrix(Ciy) follows the following properties: 

(i) = -Cl = -Cl = Cl 

(ii) C w ^w C w = ~ T W- The ( T w c w) comes out to be symmetric (T lC w ) T = C^T^ = 
T \yCw- It is customary that the Parity (P)and Charge conjugation (C) violate in Weyl representation. 
However the combined operationCP is remains invariant in Weyl representation of Dirac equation. 
Now post multiplying the equation (67) by Cw given in eq.(74) and applying Majorana condition 
(■ C w Q)a = ~Qa , we get 


/ 0 1 0 0 \ 

-10 0 0 

0 0 0 1 

0 0-10 


(74) 


Qa 

Qa 



{Qa,Qb}= 2(T^) at P #1 





Likewise, we get the following relation for four component spinor 


(75) 

(76) 


{Q a ,Qp}=2ll) a pP fll {Q a ,Qp} = 0 (77) 

{Qa,Qp} = 0 (78) 


Q a is a four dimensional Weyl spinor such as 

Qa = ^ , Qp = ( Qm Qrn) («,» = 1,2) (79) 

where Qi and Q m are two dimensional Weyl spinors. So by substituting Q and Q from this equation 
we get 


{Qh Qm} =2 {Q h Q m } = 0 (80) 

{Qi,Qm} =2 (f l im P^ {Qi,Qm} = 0 (81) 


which is the part of Super Poincare Algebra in D = 6 space. 
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